The time dependent properties of interaction between two-level atom chain consisting of N atoms inside a one-dimensional waveguide and light are investigated through the time evolution of energy-eigenstates in the specific example of N = 3. The photon emission of the atoms are examined, as well as the emitted photon wavefunction is illustrated. It is also shown that certain configurations of atoms can lead to trapping of light inside the system for long time intervals. Furthermore, the reflection and transmission pulse shapes and excitation probabilities of each atom upon single photon pulse scattering are explored. Finally, a generalized formalism is proposed to allow treating similar systems with various components such as cavities, resonators and multiple-level atoms.
Introduction
The interaction dynamics between two-level atoms (TLS) and photon have been investigated excessively in the literature [1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11] , as many real-life quantum systems including quantum dots may be modelled using the TLS formalism developed in the waveguide QED. Unraveling the physical and dynamic properties of this interaction is of key importance for a wide range of applications including analysis of systems involving quantum computing and memory units. The literature contains a range of approaches that allow studying TLS-photon interaction, however, very few of them put sufficient emphasis on time-dependent analyses. Major contributions involve the spontaneous emission characteristics and the survival probability of an initially excited atom in a linear chain which has been investigated in [12] . Moreover, the excitation probability of a single TLS inside a waveguide upon scattering of a single photon-pulse has been explored in [13] . The shape of the wavefunction for an emitted photon from an excited atom has been discussed in Chapter 5 of [14] , where the detection probability of the photon at a certain distance away from the atom decays as exponentially with time. In [15, 16] , a time-dependent theory of single photon transport in a one-dimensional waveguide including many quantum emitters has been considered from a momentum space representation of the interaction, generalizing the work of [13] to a linear chain of atoms.
The main contribution of our paper is to expand on the findings of [1, 10, 12] by introducing a generalized time-dependent theory for the position space representation of the single photon-TLS interactions, which is illustrated using the example case of atoms in a linear chain. First, we find the excitation probability of the initially unexcited atoms and the wavefunction of the emitted photon given that the central atom inside the chain is initially excited. This illustrates both the spontaneous and the stimulated emission characteristics and their effects on the wavefunction on the emitted photon for this system. Then, we re-drive the findings of [12] for the case where the TLSs are in resonance and find that if the atoms are in resonance, they stay excited with a non-zero probability for a very long time interval, effectively infinite if there is no non-radiative decay present. Furthermore, we explore the scattering parameters of the system for a narrow-band pulse, initially far away from the TLS chain and the excitation probability of the atoms with respect to time for a given scattered pulse. Even though we illustrate our formalism on a specific example, it can further be applied to other many-body systems including cavities, resonators and multiple level atoms.
For the scope of this paper, we focus on a linear chain of N = 3 atoms, as this case elegantly captures many quantum interference effects inside the waveguide and transmission/reflection amplitude modulations caused by them. The organization of the paper is as follows: In Section 2, we set up the Schrödinger equation as an eigenvalue problem by solving for the energy-eigenstates as eigenvectors and citing the findings of [12] . In Section 3, we examine the emitted photon probability, as well as the excitation probabilities of individual atoms, where the center atom is initially excited and photon modes are in vacuum state. In Section 4, we introduce a general formalism to find the scattering parameters of a single photon pulse, as well as the excitation probabilities of individual atoms upon the scattering of the pulse with respect to time. Here, we present our calculations in a generalized form for a pulse which is situated far away from the TLS chain and then apply it to a specific case of a Gaussian pulse. In section 5, we explore the scattering of a Gaussian pulse from the TLS chain, where the atomic separation is large. In Section 6, we re-state our formalism for a general scattering experiment, which may include various excitable components such as resonators, cavities, multiple level atoms in addition to a TLS, and recap the formulas we developed and illustrated through the specific example of a 3-atom long linear chain. In Section 7, we conclude with final remarks on our findings and on their importance for time-dependent explorations of quantum systems.
System Model and Scattering Eigenstates
In this section, we identify the stationary eigenstates for the interaction between a linear chain of N = 3 atoms and a single photon. A scattering energy-eigenstate from far left is illustrated in Fig. 1 . Here, three identical equidistant TLS that are L apart from each other. To preserve symmetry in the system, the position of the center atom is taken arbitrarily as x = 0. The position space Hamiltonian that describes the interaction between the photon and the three TLS is a linearized [17] version of the momentum (k-) space Dicke-Hamiltonian [18] and can be given as
where C R/L (x) are annihilation operator for right/left moving photons, J 0 the coupling energy between TLS and the photon, Ω the energy separation of the TLS, σ m the de-excitation operator for the m th (−1, 0, 1) atom and v g the group velocity of photons inside the waveguide. From now on, we will seth = v g = 1 to simplify the notation. A scattering eigenstate for a photon incident far from left can be written as
where |0 is the vacuum state, |e m = σ † m |0 , e m (k) is the excitation coefficient for the m th atom and φ R (x)/φ L (x) are right/left moving field amplitudes as illustrated in Fig. 1 . As already discussed in [12] , the parameters t m ,r m and e m (k) can be found by solving the eigenvalue equation H |E k = E k |E k . For our treatment, the following parameters are important
where we define ∆ k = E k − Ω. For the scope of this paper, we will assume a weak-coupling between the TLS and photon (J 0 << Ω), hence following the approach by [12] we linearize the phase shift e ikL ∼ e iθ , where θ = kL = (∆ k + Ω)L ΩL is the "resonance parameter".Here, it is important to note that the position information of the TLS are encoded inside e ikL terms. By linearizing this term, we assume that our region of interest for the emitted photon wavefunction is x >> L, as
It will be clear later why we are interested in x = O(1/J 0 ). Moreover, the problem is deliberately chosen to be symmetric such that the effect of the position information loss can be minimized. It can be shown through computational methods that as long as J 0 << Ω and ∆ k = O(J 0 ) the difference between the linearized and non-linearized parameters become negligible small.
Moreover, we identify the three roots of the denominators of these parameters with respect to ∆ k . These roots will be of immense importance as we perform contour integration in the following sections
Photon Emission Characteristics
In this section, we explore the emission spectrum of the TLS chain for the initial condition where the TLS in the center (m = 0) is excited. In this pursuit, we make the following three definitions.
Survival Probability
By survival probability, we mean the probability that initially excited atom stays in its excited state. This quantity is already introduced and examined in [12] . It is defined as
where the negative k values stand for scattering of the photon from far right. Here, we note that due to symmetry of the system, for the scattering of light from right we have e 1 (−k) = e −1 (k) and the field amplitudes, that are assigned through the same rule as done in Fig. 1 but starting from right, remain the same.
Side-atom Excitation Probability
By side-atom excitation probability, we mean the probability that a side atom (either m = −1 or 1) is excited at time t, given that the center atom is initially in excited state. To find this probability, we first note that the initial state of the system can be projected onto energy eigenstates via resolution of identity
where |α = σ † 0 |0 is the initial state of the system. We first realize that E k |α = e * 0 , where * denotes the complex conjugate. Using Born rule, we can find the probability that the atom 1 is excited at time t as
The emitted photon probability density function P(x, t) = |ψ(x, t)| 2 for t = 10/J 0 (left) and excitation probabilities of the atoms as well as the probability of emission P w = ∞ −∞ P(x, t) dx (right) are illustrated for different θ values. We note that for later times, the atoms decay corresponding to the pole with lowest imaginary component, as the decay rate is proportional to 2 Im[p].
Emitted Photon Probability
Denoting the emitted photon wavefunction as ψ(x, t) = x|α(t) , The emitted photon probability P(x, t) for a given time t can be found via a similar approach as done for P s
where we note that x|E k has different expressions for positive and negative x/k values as determined by the scattering eigenstates. An illustrative example of an application of this formula on a single atom inside a waveguide is discussed in Appendix A. The contour integrals have complicated analytic expressions, as the pole positions vary significantly for different θ values. An illustration of P e (t), P s (t) and P(x, t) is demonstrated in Fig. 2 for θ = π/6, π/3, π/2 and π. We note that as v g = 1, both x and t are plotted with units 1/J 0 and the poles corresponding to decay modes are given for each case, where the third pole p 3 has no contribution in all cases and therefore omitted. For the special cases θ = π and π/2, interesting properties occur and therefore their analytic solutions will be discussed further in detail.
Analytic Solution for Half and Quarter Resonance-Wavelength Atom Spacing (θ = π and θ = π/2) First, let us consider the case of quarter resonance-wavelength atom spacing where θ = π/2. In this case, the separation between two consequent atom is L = λ/4, where λ is the resonant wavelength. This also suggests that the photon emitted from side atoms (m = −1 and 1) are out of phase. Therefore, the photon emitted by the two side atoms cancels each other out and only the photon emission from the central atom leaves the system and gets radiated to the waveguide. P e (t), P s (t) and P(x, t) for this case are given as
where Θ(x) is the Heavy-side function.
Here, we can see that P(x, τ )| (τ −|x|)=t ∼ P e (t) suggesting that photon leaving the linear chain system is indeed emitted by the center atom, as the probability density function of a photon emitted at time t is proportional to the excitation probability of the center atom at time t. In Appendix A, this proportionality is discussed for a single TLS inside a waveguide.
Another important result for θ = π/2 is that the existence of side-atoms changes the decay rate of the center atom from 2J 0 for a single atom case to J 0 ± i( √ 7 + φ ± ) for the linear chain of three atoms, where φ ± is some phase factor. The decrease in the exponential decay and the existence of oscillations can be explained by the partial reflection of photon from two atoms on the side. Moreover, the local minimums of P e (t) and P(x, τ )| (τ −x)=t coincide with the local maximums of P s (t), implying that the side atoms are excited with highest probability when the center atom is in its ground state (where the photon emission is also zero) and vice versa.
Second, we shall explore the case of half resonant wavelength atom spacing where θ = π. In this case, the separation between the two consequent atom is L = λ/2, which means that firstly the side atoms are in phase with each other and secondly the photon emitted by the center atom and reflected by a side atom, gaining a phase of π, travel a distance of λ to reach the center atom for a second time. This phenomenon is manifested mathematically in the first pole where p 1 = −i3J 0 . This phenomenon increases the decay rate of atoms to 6J 0 , which is an "enhancement effect due to collective dipoles" as pointed out in [12] . Additionally, the second pole becomes p 2 = 0, implying that one of the decay modes has zero decay rate, e.g. a finite survival probability is obtained as t → ∞. P e (t), P s (t) and P(x, t) for this case are given as
Here, we note that we first evaluate the corresponding integral expressions for a general θ and then take the limit θ → π. If we directly set θ = π into e m , t m and r m , the contributions from the second pole, p 2 = 0, are not taken into account, which is a consequence of linerization.
As can be seen from (9), unlike other cases, the emitted photon probability density functions |ψ(x, t)| 2 integrated over space does not tend to one as t → ∞. As t → ∞, with 4 9 probability the center atom stays excited, with 1 9 probability each one of the side atoms remains excited and with 1 3 probability all atoms decay and photon emission takes place, on the contrary to other cases with different θ value, where photon emission is certain for large enough times. We believe that this property may be of significant importance for future memory applications featuring identical quantum dots.
Time Dependent Pulse Scattering for One-Photon States
In this section, we expand on the existing literature by exploring the time dependent dynamics of a one-photon state pulse scattering from a linear chain of atoms in the weak-coupling regime. Here, we will focus on two properties, first on the excitation probability of individual atoms (denoted as P m ) and second on the shape of the transmitted and reflected pulse. We assume that the initial pulse is situated at x = −x 0 (x 0 > 0) far away from origin with an average momentum k 0 > 0 and the atoms are initially in ground state.
To start our discussion, we first define two even functions f (x) andf (k), wheref (k) is the Fourier transform of f (x). Moreover, these functions satisfy ∆x << x 0 and ∆k << k 0 , where ∆x and ∆k are the standard deviations of f (x) andf (k) respectively. Then, the scattering state |S(t) at time t = 0 can be written as
where we compute k|S(0) =f (k − k 0 )e i(k−k0)x0 , implying that this state represents a pulse initially located at x = −x 0 and moving to the right with an average momentum k 0 .
As we have done before, we can find the time evolution of this state by first projecting it onto energy eigenstates and then evolving each part with time independently for the weak-coupling regime
Shape of Transmitted and Reflected Pulses
Now, we can find the formula which gives us the shape of the pulse at time t by using the born rule as
where S(x < 0, 2x 0 ) represents the reflected pulse and S(x > 0, 2x 0 ) the transmitted pulse at time t = 2x 0 . We define the functionsS(k, 0),S + (k, 2x 0 ) andS − (k, 2x 0 ) as the Fouirer transform of the initial, transmitted and reflected pulses. After straightforward algebra (See Appendix B), it can be shown that
This suggests that in the weak-coupling regime, each mode of the electromagnetic wave radiation inside the waveguide is modulated independently upon interactions with the TLS chain, hinting at the decoupling property of modes. [13] points out this property for the specific case of a single TLS inside a waveguide. Moreover, our calculation does not assume any pulse shape. Any pulse that is even (to preserve symmetry), localized and has a narrow band in the frequency space can be shown to modulate according to the scattering parameters t 3 and r 1 . Furthermore, as long as the interaction is weak, this finding can apply to other scenarios with different settings as well as the linear chain explored in this paper, since the derivations performed in Appendix B only deal with t 3 and r 1 , whereas what happens inside the system is only important on how they effect these parameters. Therefore, our findings can be generalized to a black box system with known reflection and transmission coefficients.
Excitation Probability P m of Individual Atoms
The excitation probability of individual atoms can be found by using Born rule for the time evolved state given in (11) as
where we recall that for negative k values we simply set e −1 (−k) = e 1 (k) from the symmetry of the system. In Appendix A, we show the correspondence between this formula and the results of [13] for a single atom inside a waveguide.
Let us now consider a specific example of a resonant Gaussian pulse with k 0 = Ω and ∆k = J 0 incident from far left. We know from Appendix B that: Then, the excitation probability of the m th atom can be found as
For the Gaussian input with k 0 = Ω and ∆k = J 0 , we choosef (k − Ω) such that
where δ = 0 for a resonant Gaussian pulse. Then, the integral becomes
where by e m we mean e m (|k|). Now, setting ∆ k → yJ 0 and assuming weak-coupling regime (J 0 << Ω), we obtain
The excitation probability of each atom for the Gaussian pulse scattering is shown for different θ values in Fig. 3 . Our numerical calculations show that the maximum probability of excitation for the first atom is achieved for T = π/2, where the atomic separation is L = λ/4 and the separation between the imaginary parts of two poles (p 1 and p 2 ) is zero. For this case, the maximum probability of ∼ 0.6266 is achieved at Note that there are periodic photon emissions with intervals ∼ 10/J 0 due to the trapped light inside the system. Moreover, the first peak of reflected light and the excitation probability of the first atom are identical to the ones in single atom system explored in Appendix A, hinting that the atomic separation is large enough such that the pulse can completely pass through the first atom before reaching another. For (a) and (c), t = 100/J 0 .
Similarly, for T = π the excitation probability is lowest with ∼ 0.075 at t = x 0 + 0.289/J 0 and the separation between the imaginary parts of two poles (p 1 and p 2 ) are largest with i3J 0 . The imaginary parts of the poles correspond to the decay modes of the system. If the decay rate is large, then the coupling between the light and the atom is strong and the atom can be excited by the incoming pulse more easily. Nonetheless, an excited atom can decay faster through high decay rate modes, leading to a trade-off. Therefore, from an heuristic point of view, it is expected that the highest probability of excitation is achieved for the case where the two decay modes have similar decay rates.
Echoes from Trapped Light: Scattering with Large L
In this section, we investigate a scattering experiment where the atomic separation is large,
, and therefore the linearization assumption is no longer valid. Here, the back and forth exchange of the photon between atoms become more apparent and echoes are observed in the transmitted and reflected pulses with intervals ∼ 2L, implying that some portion of light is trapped inside the system. Some fraction of the trapped light is released upon collusion with the side atoms and we observe them as echoes. The excitation probabilities of individual atoms can be found using (13) . For the probability density function, P(x, t), of right-and left-moving pulses, we modify our formalism by realizing that
Here, P ti (x, t) (P ri (x, t)) represents the transmitted (reflected) pulses with respect to i th atom and the probability density functions are valid for the corresponding space intervals. One might question whether dividing the probability density P(x, t) onto right-and left-moving pulses preserves the normalization. To understand how this works, we can write the most general wavefunction for the pulse as ψ(x, t) = ψ R (x, t)e ik0x + ψ L (x, t)e −ik0x , where ψ R/L (x) is the wavefunction for the right-/left-moving pulse with zero average momentum and k 0 is the average momentum of the initial pulse. The probability density function of the general pulse can be given as P(
The interference term oscillates rapidly and can be neglected as long as k 0 ∆x >> 1. Since J 0 << k 0 and ∆x ∼ O(1/J 0 ) for the weak-coupling case, this leads to the decoupling of left and right moving pulses: P i (x, t) P ti (x, t) + P ri−1 (x, t) for our case.
In Fig. 4 , a resonant and a non-resonant Gaussian pulse scattering is depicted for L = 10/J 0 . Here, the echoes of pulses as well as the oscillation in atomic excitation probabilities can be observed. Moreover, the echo interval is 2L as expected. For illustration purposes, we choose x 0 = 15/J 0 , t = 100/J 0 , Ω = 100J 0 and δ = J 0 for the non-resonant Gaussian pulse.
Generalized Formalism
In this section, we generalize the time dependent formulas developed in Sections 3, 4 and 5 for a system which may include "general excitable components." By a general excitable component, we mean any component such as a resonator/cavity, any energy level of an N-level atom or any similar quantities whose excited states |e m may be represented by a general excitation operator σ † m . If the Hamiltonian of such system can be diagonalized by a single-photon scattering state of the form
where x Q is the position parameter for the radiative and non-radiative modes (Q includes all of these modes, i denotes the initially excited waveguide) represented as 1D waveguides, C † R (x Q ) and C † L (x Q ) are right-moving and left-moving particle creation operators with φ Q R (x Q ) and φ Q L (x Q ) corresponding field amplitudes, |0 and |e m = σ † m |0 are vacuum and m th mode excitation states with e m excitation probability for m th excitable component; then the following generalization can be made for such a system P (e n , t|e m ) = 1 2π
P (e n , t|S(0)) = 1 2π
where |S(0) represents the initial state for a scattered pulse, P (e n , t|c) denotes the probability of excitation for the n th state at time t and P(x q , t|c) is the probability of finding a photon between x Q and x Q + dx Q inside the waveguide Q given the initial condition c.
Moreover, the scattering of a narrow-band pulse off a black box system occurs according to the stationary picture, where each k-mode of the initial pulse is modulated by the corresponding transmission and reflection coefficients, t and r, respectively. Therefore, we can notice the effect of the black box system on the pulse as a filter which allows certain frequencies to be transmitted and others to be reflected, regardless of the pulse shape. As |t| 2 + |r| 2 = 1 in the absence of non-radiative decay, the energy stored in the pulse is the same for t = 0 and t → ∞.
This formalism assumes a weak-coupling between the waveguides and excitable components (e.g.
such that the following normalization condition holds
where k and p represent the incident photon momentum and i and j represent the initially excited waveguide.
Conclusion
In this paper, we expand on the waveguide QED formalism describing the interactions between light and twolevel atoms by proposing a formalism to explore the time-dependent dynamics of these interactions. We apply our formalism to a linear chain of three atoms to illustrate the new proposed tools, where we first find the photon emission characteristics of the system for an initially excited atom. Afterwards, we investigate the scattering of a single-photon pulse off the system and find the transmitted and reflected pulse shapes as well as the excitation probability of each atom. Our formalism can be applied to many other systems (e.g. see [9] ), as long as the interaction between the system and the photon is weak. The generalized framework we present here greatly contributes to the time-dependent position space analysis of TLS-photon interactions in 1D waveguide with significant implications in systems with quantum memory. Moreover, our findings can be generalized to include the non-radiative decay of the TLS. By modeling the non-radiative modes as waveguides and finding the complete set of eigenbasis for each scattering experiment, Figure 5 : The excitation probability for the Gaussian pulse with k 0 = Ω and ∆k = J 0 , where x 0 = 10/Γ and Γ = 2J 0 . Our formalism reproduces the excitation probability found in Fig. 2b of [13] .
our findings can easily be applicable to cases where non-radiative decay is of significant importance. For the scope of this paper, we omitted the study of non-radiative decay in our illustrations, nonetheless our generalized formalism in Section 6 may be applied to this case as well.
center is emitted at a time t = τ − |x|, where τ is the current time and 2 comes from the symmetry. To probe this, we can find the probability that a photon is emitted until time t as
which is indeed equal to 1 − P se (t) as required. This suggests that for a single atom inside a waveguide, the probability of photon emission is linearly proportional to the probability of atomic excitation. Assuming that a photo-detection device is situated at a distance x = L p , we can find the detection probability density function as
which is consistent with the literature [14] (See Complement 5.B). Finally, we show that using (13) we can find the excitation probability of the atom inside the waveguide for an incident pulse. For a Gaussian pulse with k 0 = Ω and ∆k = J 0 , we can find the excitation probability of the two-level atom as shown in Fig. 5, reproducing Fig. 2b of [13] .
B Derivation of Scattering Pulse Shape
In this section, we carry out the derivations of S(x < 0, 2x 0 ) and S(x > 0, 2x 0 ) from the general formula of S(x, t) given in (12) . We shall start by dividing the integral into two parts S(x, t) = 1 2π
where by E −k we mean the scattering energy-eigenstate for a photon far from right. For the next step, we find Here, we recall that E k = k for k > 0 andf (k − k 0 ) 0 for k < 0. Then, we have
where we realize thatS + (k, 2x 0 ) = e −i(k0+k)x0 t 3f (k − k 0 ). Now, as |S(k, 0)| 2 = |f (k − k 0 )| 2 , we have that
For the reflected signal, we assume x < 0. Then, we find
as the first term of the integral (which includes e ik(x−x0) ) corresponds to a function localized at x = x 0 and is therefore 0 for x < 0 and E k = k for k > 0. We first realize thatf (k − k 0 ) 0 for k < 0 and expand the order of integration to −∞. Then, we change k → −k and use the evenness property off (k). 
S(x,
where we realize thatS − (k, 2x 0 ) = e i(k−k0)x0 r 1f (k + k 0 ). Then, |S − (−k, 2x 0 )| 2 = |r 1f (k − k 0 )| 2 = |r 1S (k, 0)| 2 . The narrow band pulses scatter indeed corresponding to the stationary eigenstate scattering coefficients t 3 and r 1 .
